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A combinatorial characterization of the 1-skeletons of the Cohen]Macaulay
complexes of dimension 2 over Z will be given. We also give an example of a graph
that cannot be the 1-skeleton of any shellable complex of dimension 2 and an
example of a graph that can only be the 1-skeleton of a Cohen]Macaulay complex
over a field of some particular characteristic. Q 1999 Academic Press
1. INTRODUCTION
w x  4A simplicial complex D over the vertex set n s 1, . . . , n is a set of
w x  .  4 w x  .subsets of n such that i i g D for all i g n , and ii if t g D, s ; t
implies s g D. The dimension dim D of a simplicial complex D is
  . < 4  .dim D s max > s y 1 s g D , where > ] means the cardinality of the
 .set. Every element s of D will be called a face. When > s s n q 1, s
will also be called an n-face. An element s g D that is maximal with
regard to the partial order by the set inclusion is called a facet. For a
 .simplicial complex D with dimension d y 1, the vector f D s
 .  < 4  .f , f , . . . , f with f s > s g D dim s s i 0 F i F d y 1 is called0 1 dy1 i
 .the f-¨ector of the simplicial complex. Also the vector h D s
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d y ij jyi .  .  .  .h , h , . . . , h with h s  y1 f 0 F j F d , where we set0 1 d j is0 iy1j y i
f s 1, is called the h-¨ector of the simplicial complex. A simplicialy1
 .complex is called pure if every facet is a d y 1 -face where d y 1 s dim D.
1.  <  . 4The 1-skeleton D s s > s F 2, s g D of a simplicial complex D will
be called the graph of D, and it will be denoted by G . Let K be a fieldD
w xand consider the polynomial ring S s K x , . . . , x . We associate for a1 n
w x w xsimplicial complex D over the vertex set n a residue class ring K D
w xcalled the Stanley]Reisner ring of D, which is defined as K D s SrID
 <  4 .where I s x . . . x 1 F i - ??? - i F n, i , . . . , i f D . Then D isD i i 1 k 1 k1 k w xcalled Cohen]Macaulay over K, or CM-complex over K, if K D is a
Cohen]Macaulay ring. For the background of Stanley]Reisner rings, see
w x1, 3, 6 .
The h vectors of Cohen]Macaulay complexes have the following
property.
w x.PROPOSITION 1 1, Theorem 5.1.15 . If D is a Cohen]Macaulay com-
 .plex, then each element h of the h-¨ector h D is a nonnegati¨ e integer.i
We have the following combinatorial characterization of Cohen]
Macaulay simplicial complexes.
w x.THEOREM 1 1, Corollary 5.1.5 . A Cohen]Macaulay complex is pure.
We say that a pure simplicial complex D is shellable if its facets can be
 :  :ordered F , F , . . . , F such that F l F , . . . , F is generated by a1 2 s i 1 iy1
 :nonempty set of maximal proper faces of F for all i, 2 F i F s, wherei
 :F, . . . denotes the simplicial complex generated by the simplexes F, . . . .
Then we have the following combinatorial characterization of CM-
complexes.
w x.THEOREM 2 1, Theorem 5.1.13 . A shellable simplicial complex is
Cohen]Macaulay o¨er e¨ery field.
Almost all Cohen]Macaulay complexes turn out be shellable.
On the other hand, topological characterizations of Cohen]Macaulay
w x w xsimplicial complexes have been given by Hochster 4 and Reisner 5 as
follows.
 w x.THEOREM 3 Hochster's formula 4 . Let D be a simplicial complex o¨er
w xthe ¨ertex set n with dim D s d y 1. Then D is Cohen]Macaulay o¨er a
Ä field K if and only if for arbitrary q with 0 F q F d y 2, we ha¨e H Ddy2yq
 4 .  4y i , . . . , i ; K s 0 for arbitrary r with 0 F r F q and arbitrary i , . . . , i1 r 1 r
Äw x  .; n , where H ]; K is the reduced singular homology group with coeffi-?
cients from K.
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 w x.THEOREM 4 Reisner's criterion 5 . Let D be a simplicial complex, and
K be a field. The following conditions are equi¨ alent:
 .a D is Cohen]Macaulay o¨er K ;
Ä .   . .  .b H lk s ; K s 0 for all s g D and all i - dim lk s , wherei D D
 .  < 4lk s s t g D s j t g D, s l t s B is the link of s in D.D
In this paper, we are interested in the problem of combinatorial charac-
terization of graphs in Cohen]Macaulay simplicial complexes. This prob-
w xlem is an analogue of well-known Steinitz' Theorem 7, 8 on the character-
ization of graphs in three-dimensional polytopes, namely, a graph G is the
graph of a three-dimensional polytope if and only if it is simple, planar,
and 3-connected. Following characterization of the graphs in simplicial
complexes follows from Hochster's formula.
w x w xTHEOREM 5 9 . Let D be a simplicial complex on the ¨ertex set n . Then
G is k-connected if and only if b s 0, where b is the ith gradedD nyk , nykq1 i, j
w xBetti-numbers of the minimal free resolution of K D .
From this result, we can easily obtain the following.
COROLLARY 1. Let D be a simplicial complex of dimension d y 1. If D is
 .Cohen]Macaulay, then G is d y 1 -connected.D
 .However, a d y 1 -connected graph cannot always be the graph of a
Cohen]Macaulay simplicial complex D with dim D s d y 1 and there are
pure but not Cohen]Macaulay simplicial complexes of dimension d y 1
 .whose graphs are d y 1 -connected. Therefore, finding necessary and
sufficient conditions for a graph being the graph of a CM-complex will be
an interesting problem.
The aim of this paper is to prove the following characterization theorem
of graphs in Cohen]Macaulay simplicial complexes of dimension 2.
 .THEOREM 6 Graphs in two-dimensional CM complexes . Let G be a
finite simple graph. Then G is the graph of a two-dimensional simplicial
complex D that is Cohen]Macaulay o¨er an arbitrary field if and only if the
following conditions hold:
1. G is 2-connected,
2. e¨ery edge of G is contained in at least one triangle.
3. e¨ery two triangles C and C in G with C l C being a point are1 2 1 2
contained in a fan,
4. the simplicial dual G* of G is connected, and
5. e¨ery cycle in G* is an oriented sum of toric cycles and axised cycles.
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In Section 2 we will define the terminologies used in the main theorem
and prove related results. Section 3 gives the proof of the main theorem.
Notice that Theorem 6 characterizes simplicial complexes that are
Cohen]Macaulay over an arbitrary field. On the other hand, there are
graphs that can be the graphs of Cohen]Macaulay simplicial complexes
over fields of particular characteristics. In Section 4, we will give an
example of a graph that cannot be the graph of any Cohen]Macaulay
simplicial complex over a field of characteristic 2 but is the graph of a
two-dimensional Cohen]Macaulay simplicial complex over a field of char-
acteristic / 2. Also, we will give an example of a graph that can be the
graph of a Cohen]Macaulay simplicial complex but can never be the graph
of a shellable simplicial complex.
2. PREPARATION
2.1. Graph Theoretic Terminologies
  .  ..In this paper, we will consider graphs G s V G , E G on the vertex
 .  .  .  4set V G and the edge set E G . An edge e g E G will be denoted x, y
 .for some x, y g V G . Since the graphs in simplicial complexes are always
finite and simple, we will always consider the finite and simple graphs.
A graph G is called k-connected if it is connected even after arbitrary j
 .  .0 F j F k y 1 vertices and associated edges are removed. The graph
obtained from G by removing its vertices ¨ , . . . , ¨ will be denoted by1 k
 4  4G y ¨ , . . . , ¨ . When k s 1, we will denote G y ¨ instead of G y ¨ .1 k
We will also use this convention to simplicial complexes, namely, for a
 4  4simplicial complex D and a set ¨ , . . . , ¨ of vertices of D, D y ¨ , . . . , ¨ ,1 k 1 k
or D y ¨ when k s 1, denotes the simplicial subcomplex obtained by
removing the vertices ¨ , . . . , ¨ and all faces containing the vertices.1 k
  .  ..   .  ..A cycle C of a graph G s V G , E G is a subgraph C s V C , E C ,
 .  .  .i.e., V C ; V and E C ; E G , of the form
 4V C s x , x , . . . , x , . 0 1 ky1
 4  4  4  4E C s x , x , x , x , . . . , x , x , x , x . 4 . 0 1 1 2 ky2 ky1 ky1 0
In this case, we say that C is of length k and we will refer to C as ``cycle
 .x , x , . . . , x .'' A cycle of length 3 is called a triangle. A collection of0 1 ky1
triangles in the form of
x , x , x , x , x , x , . . . , x , x , x 4 .  .  .0 1 2 0 2 3 0 ny1 n
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is called a fan with center x . If x s x , it is called a complete fan. We0 1 n
will also use the same terminologies for a collection of 2-faces of a
simplicial complex whose boundaries form a fan. For a graph G, the
simplicial complex D of dimension 2 obtained by filling all the trianglesG
of G with suitable 2-faces will be called simplicial 2-closure of G. Pre-
cisely, D is defined as follows. We view the graph G as a simplicialG
 4  . <  .complex and we define D s G j i, j, k 2-face i, j, k is a triangleG
4in G .
Viewing a graph G as a simplicial complex, we can consider the groups,
 .  .Z G; Z and C G; Z , of one-dimensional cycles and chains. Let C and1 1 1
C be cycles in a graph G. By giving suitable orientation, we can regard2
 .them as elements of Z G; Z . Then we will call the geometric realization1
 .of the sum C q C in C G; Z the oriented sum of C and C when there1 2 1 1 2
are no duplicated edges.
2.2. Simplicial Duals
Now we will introduce the notion of simplicial duals.
 .DEFINITION 1 simplicial dual graph . Let G be a finite simple graph.
Then the simplicial dual graph, G*, of G is a graph such that
 .1. V G* is the set of triangles in G,
 .  4  .2. E G* is the set of pairs u*, ¨* , u*, ¨* g V G* , such that
u* l ¨* is an edge.
Unlike the dual graphs in ordinal sense, we do not assume that G is a
plane graph for simplicial dual graphs.
EXAMPLE 1:. Figure 1 shows the difference between ordinal dual
graphs and simplicial dual graphs. The duals are displayed in dotted lines.
FIG. 1. Simplicial dual graph and ordinary dual graph.
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 .Figure 1 a illustrates the simplicial dual of a graph. The simplicial dual
 .  .  ..  .graph is the cycle x, y, z , x, y, p , x, y, q . On the other hand, Fig. 1 b
shows the ordinary dual graph of the same graph with a plane embedding.
If we consider the simplicial 2-closure D , we can give another equiva-G
 .lent definition of G*, namely, we can define V G* to be the set of all the
 .2-faces in D and define E G* to be the set of pairs of 2-faces s and tG
with dim s l t s 1. This idea leads us to the definition of simplicial duals
of pure simplicial complexes.
 .DEFINITION 2 simplicial dual of a pure simplicial complex . Let D be a
pure simplicial complex of dimension d y 1. Then the simplicial dual, D*,
of D is a graph such that
 .1. V D* is the set of facets of D,
 .  4  .2. E D* is the set of pairs s , t , s , t g V D* , such that dim s l
t s d y 2.
Notice that for a pure simplicial complex D, we always have D : DGD
but the equality does not always hold. Hence, if D is a pure simplicial
complex of dimension 2 with G s G , the simplicial dual D* is generally aD
subgraph of the simplicial dual graph G*, namely, D* is obtained by
restricting its vertex set to the facets of D.
Now we will define two special types of cycles in simplicial duals.
 .DEFINITION 3 toric cycle in G* . Let G be a finite simple graph and
let G* be its simplicial dual. Then a toric cycle C is a cycle in G* consisting
of the 2-faces in a complete fan in D . Also, for pure simplicial complex DG
of dimension 2, a toric cycle C is a cycle in D* consisting of the 2-faces of a
complete fan in D.
EXAMPLE 2. Figure 2 shows two graphs and their simplicial duals in
.  .  .dotted lines . In Fig. 2 a , we first find three toric cycles a, b, e, c ,
 .  .a, c, f , g, d , and a, b, h, d . We assume that the space outside the largest
 .triangle is a 2-face in D . The cycle b, e, c, f , g, d, h is not toric, but it isG
the oriented sum of the three toric cycles with the orientation given by the
arrows in the figure. On the other hand, the only cycle in G* illustrated in
 .Fig. 2 b is not toric or an oriented sum of toric cycles.
 .DEFINITION 4 axised cycle in G* . Let G be a finite simple graph and
let G* be its simplicial dual. Then an axised cycle C is the cycle in G*
consisting of the 2-faces of D with a single common 1-face. Also, for aG
pure simplicial complex D of dimension 2, an axised cycle C is the cycle in
D* consisting of the 2-faces of D with a single common 1-face.
 .The cycle illustrated in Fig. 1 a is a typical example of an axised cycle.
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FIG. 2. Toric and nontoric cycles.
2.3. Cohen]Macaulay Simplicial Complexes of Dimension 2
In this subsection, we will consider combinatorial properties of
Cohen]Macaulay simplicial complex of dimension 2 in terms of the
notions defined in the previous subsections. First of all, the following
well-known property is called ``strongly connectedness.''
w x.THEOREM 7 2, Proposition 11.7 . Let D be a simplicial complex of
dimension d y 1. If D is Cohen]Macaulay o¨er a field K, then for arbitrary
 .  .two facets F and F9 in D, there exists a sequence F s F , F , . . . , F s F90 1 n
 .of the facets of D such that F l F is a d y 2 -face for i s 0, . . . , n y 1.i iq1
COROLLARY 2. Let D be a Cohen]Macaulay simplicial complex of di-
mension 2 o¨er a field K. Then the simplicial dual D* is connected.
EXAMPLE 3. Figure 3 shows three examples of graphs and their simpli-
 .cial duals in dotted lines . Consider the simplicial 2-closures of these
 .  .  .graphs. Then, only Fig. 3 a is Cohen]Macaulay, and Fig. 3 a and 3 b are
FIG. 3. Graphs and simplicial duals.
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strongly connected. This shows that the converse of Theorem 7 or
.Corollary 2 does not hold.
COROLLARY 3. Let D be a Cohen]Macaulay simplicial complex of di-
mension 2 o¨er a field K and let G be the graph of D. Then the simplicial dual
G* is connected.
Proof. D* is connected by Corollary 2, and we have to prove that the
 .super graph G* > D* is also connected. If G* / D*, there exists a
 .  4triangle i, j, k such that the 2-face i, j, k is not contained in D. Each
 41-face of the 2-face i, j, k must be contained in at least one 2-face in D
since D is pure by Theorem 1. Hence, there exist edges in G* between the
triangle and vertices of D*. Hence G* is connected.
The following property is useful in the proof of the main theorem.
LEMMA 1. Let D be a Cohen]Macaulay simplicial complex with dim D s
 4 2 o¨er a field K. Let s and t be arbitrary facets of D. If s l t s p a
.point , then there exists a fan F such that s , t g F.
 4  4  4  4Proof. Let s s p, q, r and t s p, i, j . The 1-faces q, r and i, j of
 4.the 2-faces are contained in lk p . By Theorem 4, we haveD
Ä   4. .  4.H lk p ; K s 0, so that lk p is continuous. Hence there must be a0 D D
 4  4.  4continuous subpath in the form of x , x s q, r , x , x0 1 1 2
 4  4.  4.  4  44, . . . , x , x s i, j in lk p . Then x , x , p , . . . , x , x , pmy 1 m D 1 2 my2 my1
is the desired fan.
By Hochster's formula, we have the following topological characteri-
zation.
w xLEMMA 2. Let D be a simplicial complex o¨er the ¨ertex set n with
dim D s 2. Then D is Cohen]Macaulay of o¨er a field K if and only if D isG
Ä  .2-connected and H D; K s 0.1
Ä  .Proof. By Theorem 3, D is Cohen-Macaulay if and only if H D; K s0
Ä Ä  4 . w x  .0, H D y i ; K s 0 for arbitrary i g n , and H D; K s 0. The condi-0 1
Ä  .tions for H ]; K exactly mean that D is 2-connected.0 G
w xThe following lemma is Exercise 5.1.25 in 1 , so we omit the proof.
LEMMA 3. Let D be a simplicial complex. Then, the Stanley]Reisner ring
w x w xZ D is Cohen]Macaulay if and only if the Stanley-Reisner ring K D is
Cohen]Macaulay for an arbitrary field K.
The following corollary follows immediately from Lemmas 2 and 3.
COROLLARY 4. Let D be a simplicial complex of dimension 2 whose
graph is 2-connected. Then D is Cohen]Macaulay o¨er an arbitrary field if
Ä  .and only if H D; Z s 0.1
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Thus the problem of combinatorial characterization of graphs in two-
dimensional Cohen]Macaulay simplicial complex can be reduced to com-
binatorial description of vanishing the homology groups.
3. PROOF OF THE MAIN THEOREM
Now we will give a proof of our main theorem. We will give the
statement again.
 .THEOREM 6 Graphs in two-dimensional CM complexes . Let G be a
finite simple graph. Then G is the graph of a two-dimensional simplicial
complex D that is Cohen]Macaulay o¨er an arbitrary field if and only if the
following conditions hold:
1. G is 2-connected,
2. e¨ery edge of G is contained in at least one triangle,
3. e¨ery two triangles C and C in G with C l C being a point are1 2 1 2
contained in a fan,
4. the simplicial dual G* of G is connected, and
5. e¨ery cycle in G* is an oriented sum of toric cycles and axised cycles.
In fact, the condition 4 is redundant as will be proved in Section 3.3. In
the following, we will denote the group of 1-cycles and the group of
 .  .1-boundaries of D with integral coefficients by Z D; Z and B D; Z . Also1 1
 .  .  .­ : C D; Z ª B D; Z , where C D; Z is the group of two-dimensional2 2 1 2
chains, denotes the boundary operator.
3.1. Proof of ‘‘Only If’’ Part
Assume that D is a two-dimensional simplicial complex that is Cohen]
Macaulay over an arbitrary field K, and let G s D1.. Then the condition 1,
2, and 4 immediately follow from Corollary 1, Theorem 1, and Corollary 3.
For the condition 3, consider any triangles C and C in G with C l C1 2 1 2
 4  .s p single point . Then, there are three possibilities:
1. Both C and C are the boundaries of 2-faces s and s in D:1 2 1 2
 .  .C s ­ s i s 1, 2 ;i i
  . .2. C is the boundary of a 2-face in D C s ­ s for some s but1 1
C is not;2
3. Neither C nor C is the boundary of 2-face in D.1 2
The first case is immediate from Lemma 1. Now consider the second case.
 4  4  4Let C s i, j, p and C s p, q, r . By the condition 2, the 1-face p, q1 2
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 4  4must be contained in a 2-face t . If s l t s p, i or p, j , we are done.
 4Otherwise, we must have s l t s p and, by Lemma 1, there exists a fan
F 9 that contains both s and t . Then we can easily construct a fan F
containing C and C by adding C to F 9 and by removing t from F 9 if1 2 2
necessary. The third case is proved similarly. Now the rest of this subsec-
tion will be devoted to a proof of the condition 5.
 .  .Step 1 Reduction of C* to a band . Let C* s s , . . . , s , s be a0 ny1 0
cycle of G*. Notice that s may not always be a 2-face of D. We will sayi
that C* is of toric-axised type if C* is an oriented sum of toric cycles and
axised cycles of G*. We will assume that C* is not of toric-axised type, and
will deduce a contradiction. First of all, by taking oriented sum with toric
 .cycles and axised cycles, we can assume that n s len C* is minimal. Then
we have n G 4. In fact, n G 3 since C* is a cycle and if n s 3 we easily
know that C* must be toric or axised. By the construction of G*,
 .  .A [ s l s / B for all i modulo n . If A is a 1-face, s , s , si i iq2 i i iq1 iq2
forms an axised cycle and by taking oriented sum with this axised cycle we
can construct a cycle in G* shorter than C*. This contradicts with the
 .minimality of len C* . Thus, we have
 . i s l s is a 1-face and s l s is a point for all i mod-i iq1 i iq2
.ulo n .
Now consider the subcomplex G of D generated by the 2-faces in C*.
 . < <According to i , the geometric realization G looks like a band in which
 .  .some points or line segments may be identified. See Fig. 4 a , 4 b .
Assume that s l s is a 1-face for some i, j with j ) i q 1. Theni j
 .C* s s , . . . , s , s , . . . , s , . . . , s is an oriented sum of the cycles0 i iq1 j ny1
U  . U  . UC s s , . . . , s , s , . . . , s and C s s , s , . . . , s . Both C and1 0 i j ny1 2 i iq1 j
U  .C are not of toric-axised type by the minimality of len C* . Thus, by2
replacing C* by CU or CU , we can assume that1 2
 . ii s l s is not a 1-face for arbitrary i, j with j ) i q 1 mod-i j
.ulo n .
FIG. 4. Bands with some faces identified.
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On the other hand, we consider the case in which s l s is a point fori j
some i, j with j ) i q 2. By the condition 3, s and s are contained in ai j
  .  .4fan F s t s s , t , . . . , t , t s s . Assume that there exists an ele-0 i 1 py1 p j
 .ment t with t f G. Let k i - k - p be the minimum index such thatk k 1 1
t , f G, and let k be such that t , t , . . . , t f G but t g G.k 2 k k q1 k k q11 1 2 2
 .Then there exists a subsequence S* s t , . . . , t of C* and C* isk y1 k q11 2U  .the oriented sum of the cycle C s s , . . . , s , t , . . . , t , s , . . . , s3 0 i 1 py1 j ny1
U  . and the cycle C s t , t , . . . , t , S* s t , t , . . . ,4 k k y 1 k k k y 12 2 1 2 2
. U Ut , t , . . . , t . Since at least one of C and C must be of non-k k y1 k q1 3 41 1 2
toric-axised type, we can replace C* by CU or CU. By repeating this3 4
procedure, we can assume that this case does not happen, namely,
 .  .iii if s l s is a point for i, j with j ) i q 1 modulo n , theni j
s , s , . . . , s is a fan.i iq1 j
 .  .  . < <According to i , ii , and iii , we know that G is a Mobius band or anÈ
 .ordinary band orientable band .
 .Step 2 The case of orientable band . We will first consider the case in
< <which G is an ordinary band. Giving a suitable orientation to each 2-face
 .  .in G, we have ­  e s s C y C where C are elements of Z D; Z2 s g G i i 1 2 i 1i
< <and they form the boundary of G . We will simply describe this equation
 .by ­ G s C y C . Since D is Cohen]Macaulay over an arbitrary field,2 1 2
Ä  .  .  .H D; Z s 0 by Corollary 4 and C s ­ P for some P g C D; Z .1 i 2 i i 2
Since C is a triangulation of S1, we can take P to be a space obtained byi i
removing a two-dimensional disk from an orientable closed surface. Now
consider the 2-faces t , . . . , t in P such that t contains a 1-face in C .i i 1 i 11 k j
 .These 2-faces are contained in a cycle D* s t , . . . , t in G* and we1 m
< <consider the subcomplex L of D generated by the 2-faces in D*. L is
clearly an ordinary band and, by replacing P by P and replacing L by1 2
< < < < < <  .L y G if necessary, we can assume that G l L s C and ­ L s C y1 2 1
 .  .C for some C g Z D; Z . See Fig. 5 .3 3 1
Then, it is clear that G j L is covered by the 2-faces in some toric cycles
and, by taking oriented sum with these toric cycles, we can exchange C*,
 .  .  .P , ­ P s C , G, and ­ G s C y C by D*, P y G, ­ P y G s1 2 1 1 2 1 2 1 2 1
 .C , L, and ­ L s C y C , respectively. Continuing the similar proce-3 2 1 3
dure, we can reduce the number of 2-faces in P . During this procedure,1
< <the band G may have identified 1-faces or 0-faces. In such cases, using a
similar discussion to Step 1, we can replace C* by a smaller cycle and we
can assume that G has no identified 0- or 1-faces. Finally, since P is1
finite, we may have P s B, and in this case C* is an oriented sum of1
toric cycles, which is a contradiction. Otherwise, P / B and the 2-faces in1
P are not contained in any cycle in G*. In this case, we also know that C*1
is an oriented sum of some toric cycles, which is also a contradiction.
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< <FIG. 5. The case in which G is an ordinary band.
 .Step 3 The case of Mobius band . Finally, we will consider the case inÈ
< <  .which G is a Mobius band. As illustrated in Fig. 6 a , we can take aÈ
one-dimensional subcomplex Q of G such that each 1-face in Q, except
one, is contained in at most one 2-face s in G and Q forms an element ofj
 . Z D; Z . The exceptional 1-face in Q is contained in two 2-faces in G. In1
Ä . .  .Fig. 6 a , it is the 1-face contained in d and e . Then, since H D; Z s 0,1
 .  .we have a two-dimensional pure subcomplex P ; D such that Q s ­ P .
As in the case of ordinary band in Step 2, P is a closed surface with a
  ..two-dimensional disc removed. See Fig. 6 b . The rest of the proof goes
almost similar to Step 2. We must only check whether D* is obtained by
taking oriented sum with some toric and axised cycles with C*.
Unlike the case of ordinary band, we need oriented sum with an axised
cycle in handling some particular 2-faces, namely, the faces d and e in Fig.
 .6 b . In fact, we can make the oriented sum as in Fig. 7, and other part is
handled similarly to the case of ordinary band. We have to consider the
< <FIG. 6. The case in which G is a Mobius band.È
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FIG. 7. Oriented sum with an axised cycle.
cases in which P contains some of the 2-faces in G, but these cases can be
handled similarly.
3.2. Proof of ‘‘If’’ Part
Let D be the simplicial 2-closure of G, which is pure by the condition 2.
We will prove that D is Cohen]Macaulay over an arbitrary field K. Since
Ä  .G is 2-connected by the condition 1, we have only to prove that H D; Z1
s 0 by Corollary 4. We must prove that for arbitrary C s  n c gi i i
 .Z D; Z , where n g Z and c are 1-faces with orientation, we have1 i i
 .C g B D; Z . C can be described as C s C q ??? qC where C are in1 1 k i
 .the form of C s e c q ??? qe c g Z D; Z with e s "1. By ex-i i i1 i j i p 1 i j1
changing the orientation, we can assume that e is always 1. Conse-i j
quently, we can assume that C is in the form of C s  c .i i
< <We can regard C as the closed path in D made by the C. We will divide
C into suitable subpaths and will assign a sequence of 2-faces to each
subpath. First of all, by the condition 2 we can find at least one 2-face
s g D with c ; s for each c , and we choose one 2-face s for each c .i i i i i i
 .  .It may happen that i s s s s s for some i, or ii s s s /i iq1 iq2 i iq1
 .  .s . In case i , we have ­ s s c q c q c , so that C and D s Ciq2 2 i i iq1 iq2
 .y ­ s are homologous. Then, by replacing C by D, we can assume that2 i
 .  .  .i does not happen. In case ii , we have ­ s s c q c y c for some2 i i iq1
 .  .oriented 1-face c o s , and by replacing C by D s C y ­ s we caniq2 2 i
 .assume that ii does not happen. Consequently, we can assume that
 4s / s for all i. Now s l s is a point p s c l c or a 1-face.i iq1 i iq1 i iq1
In the former case, by the condition 3 we can find a fan F s
  .  ..s s s , s , . . . , s s s with center p, which connects s andi1 1 i2 im iq1 1
s . Then we reassign this sequence to the subpath c q c of C. Foriq1 i iq1
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FIG. 8. 2-faces s and s connected by fans.i iq1
the fan F, there are essentially three types as illustrated in Fig. 8, namely,
 .  .a c and c are connected, b the 1-faces of s and s other than ci iq1 i iq1 i
 .  .and c are connected, and c c or c and the 1-face other than ciq1 i q1 iq1
 .  .  .or c are connected. In case a , we construct the element C9 of Z D; Zi 1
from C by replacing c q c in C by d q d q ??? qd , wherei iq1 1 2 k
 4  .   ..d , . . . , d s lk p Fig. 8 a . Then C and C9 are homologous and, by1 k F
 .exchanging C by C9, we can assume that the case a does not happen.
By concatenating these sequences of 2-faces, we construct a sequence
 .  .C* s s , . . . , s of the 2-faces such that i each c is contained in at1 k i
 .most two 2-faces in C*, where Fig. 8 c is the only case in which c isi
 .  .contained in two 2-faces, ii s l s is a 1-face, and iii if s does noti iq1 i
contain any c , then s is an element of the fan connecting two 2-faces sj i p
 .and s with c ; s and c ; s . By ii , C* is a cycle in G*. Let G be theq p p q q
two-dimensional pure subcomplex of D generated by the elements of C*.
 .  .  . < <Then, by i , ii , and iii , the geometric realization G is a Mobius band orÈ
 . < <an ordinary band i.e., orientable band . If G has some identified points or
< <line segments, we can replace C* by a cycle in G* such that G has no
identified points or line segments with a similar discussion to Step 1 in the
``only if'' proof.
Since C* is a cycle in G*, we have C* s T q ??? qT q R q ??? R1 p 1 q
where T and R are toric and axised cycles by the condition 5. Consideri j
 .the subcomplex L > G of D generated by all the 2-faces in T and R .i j
 .Notice that the cycle C is an element of Z L; Z . We will denote the1
w x w xsubcomplex generated by the 2-faces in T and R by T and R . Theni j i j
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 . w x w x  .we can check that i if T l T i / j is not empty, it is the complexi j
 .  .generated by two 2-faces s and t such that s , t is an edge in G*, ii if
w x w xT l R is not empty, it is the complex generated by a 2-face or thei j
 .complex generated by 2-faces s and t such that s , t is an edge in G*,
 . w x w x  .and iii if R l R i / j is not empty, it is the complex generated by ai j
2-face. With these properties, we can construct L inductively as follows:
w xLet L s R where R is one of T , . . . , T , R , . . . , R . If L is con-0 1 p 1 q n
w xstructed, then let L s L j R9 where R9 is one of the remainders ofnq1 n
w xT s and R s such that L l R9 is contractible subcomplex. With thisi j n
Ä Äw x . w x .construction and the fact that H T ; Z and H R ; Z are all trivial, we1 i 1 j
Ä  .know that H L; Z s 0 by Mayer]Vietoris exact sequence. Hence we1
 .  .have C g B L; Z ; B D; Z .1 1
3.3. Strongly Connectedness
Notice that in the proof of ``if'' part, the strongly connectedness of the
 .graph the condition 4 is not used. In fact, we can remove this condition
from Theorem 6, namely, the condition 4 follows from the other condi-
tions: Let C and C be any triangles in the graph G and choose arbitraryp q
vertices x g C and y g C . By the condition 1, x and y can be linkedp q
 .with a path e , . . . , e where e are edges. As in the proof ``if '' part, we1 n i
can find a triangle C containing the edge e for all i by the condition 2.i i
 .  . Then by the condition 3, every pair of triangles C , C , C , C 1 Fp 1 i iq1
.  .i F n y 1 and C , C is contained in a fan. Hence C and C aren q p q
connected in G*.
4. EXAMPLES
4.1. Subcomplexes of the Simplicial 2-Closures
In the ``if '' part of the proof of Theorem 6, we take the simplicial
2-closure D of the graph G. That is to assure that the complex contains all
the 2-faces of toric cycles T and axised cycles R in the representationi j
C* s T q ??? qT q R q ??? R of all the cycles C* in the simplicial1 p 1 q
dual G*. This condition may be satisfied for a complex smaller than the
simplicial 2-closure if it has sufficient 2-faces. For example, let G be the
complete graph K . It is clear that G satisfies the conditions in Theorem 66
and the simplicial 2-closure of G is a 5-simplex and it is Cohen]Macaulay
over an arbitrary field. On the other hand, G is in fact the graph of a
triangulation D9 of real projective space RP2. See Fig. 9. RP2 is not
Ä  .Cohen]Macaulay over a field of characteristic 2 since H D9; K / 0 if1
 .  44char K s 2. But if we take D s D9 j 1, 2, 3 , D is Cohen]Macaulay
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FIG. 9. A triangulation of RP2 and a 2-simplex.
over an arbitrary field. D is certainly a proper subcomplex of the 5-simplex.
Now we will observe this fact in terms of the conditions in Theorem 6.
 4  4  4  .Consider 1, 2 q 2, 3 q 3, 1 g Z D9; Z . Then, as in the proof of Sec-1
 .tion 3.2 we construct the cycle C* s A, B, C, D, E in G* where A s
 4  4  4  4  43, 1, 6 , B s 1, 2, 6 , C s 2, 4, 6 , D s 2, 3, 4 , E s 3, 1, 4 . The 2-faces
of C* form the complex G whose geometric realization is a Mobius band.È
Now we can check that this cycle can never be an oriented sum, C* s
T q ??? qT q R q ??? R , of toric and axised cycles in which all T s and1 p 1 q i
R s consist of 2-faces. On the other hand, if we consider D instead of D9,j
 .  .we have C* s T q T q T q R where T s A, B, F , T s B, C, D, F ,1 2 3 1 2
 .  .T s D, E, F are toric cycles and R s A, F, E is an axised cycle, and3
all the elements A to F are 2-faces.
4.2. Dependency of Characteristic of Base Fields
We have considered the following property of graphs: can it be the
graph of a Cohen]Macaulay simplicial complex D of dim D G 2? Theorem
6 gives a necessary and sufficient condition for a graph to be the graph of a
two-dimensional simplicial complex that is Cohen]Macaulay over a field
of arbitrary characteristic. On the other hand, there is a graph which can
only be the graph of a Cohen]Macaulay simplicial complex over a field of
some particular characteristic. Figure 10 shows an example of the graph G
such that
1. G can be the graph of a Cohen]Macaulay simplicial complex over
 .a field K of char K / 2,
2. but G can never be the graph of a Cohen]Macaulay simplicial
 .complex over a field of K of char K s 2.
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FIG. 10. A graph.
It is clear that this graph can never be the graph of any pure simplicial
complex of dimension larger than or equal to 3. Thus we have only to
check the possibility to be the graph of a two-dimensional Cohen]Macaulay
simplicial complex. The simplicial 2-closure of this graph is RP2, which is
 .not Cohen]Macaulay over a field K of char K s 2, but is Cohen]
 .Macaulay if char K / 2. It is also clear that any proper subcomplex of
the simplicial 2-closure is not Cohen]Macaulay over any field. Notice that
we cannot construct a Cohen]Macaulay complex D as in Section 4.1 since
 4  4  4  4the cycle 1, 2 q 2, 3 q 3, 4 q 4, 1 can never be filled by 2-faces.
4.3. Construction of Shellable Complexes o¨er Graphs
In this subsection, we will consider the following question: Let G be a
graph satisfying the conditions in Theorem 6. Then, is there always a
shellable two-dimensional complex D with G s G ? Notice that a shellableD
complex is Cohen]Macaulay by Theorem 2. The answer is negative,
namely, there is a graph satisfying the condition in Theorem 6 that can
never be the graph of any shellable two-dimensional complex. An example
w xof such a graph can be obtained as a triangulation of the dunce hat 10 .
The dunce hat X is obtained by taking a solid triangle with vertices
A, B, C, and identifying the directed edges AB, AC, and BC. A triangula-
tion D of X is Cohen]Macaulay and no triangulation D of X is shellable
w x.6, p. 84 . Hence, the graph G of a triangulation D of X can be aD
candidate for the desired example. However, a triangulation D is the
simplicial 2-closure of G , which is obtained by filling all the triangles inD
G . One must consider the possibility that a subcomplex G of D obtainedD
by removing some 2-faces is shellable. However, we can see that this can
never happen.
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FIG. 11. A triangulation of the dunce hat.
Now the triangulation D given in Fig. 11 is the desired example. The
figure on the left is the solid triangle with AB and AC identified. The
vertices and edges with the same numbers are regarded as being identified.
The figure on the right is the triangulation D. Four vertices 1, 2, 3, and 4
occur twice and other vertices are regarded as all distinct. One can check
 .  .  .that the f-vector of D is f D s f , f , f s 11, 34, 24 and then the0 1 2
 .  .  h-vector is h D s h , h , h , h s 1, f y 3, 3 y 2 f q f , f y h q0 1 2 3 0 0 1 2 0
..  .h q h s 1, 8, 15, 0 . Notice that since f and f are determined only1 2 0 1
by the graph G , h q h q h does not change if some 2-faces of D areD 0 1 2
removed. Consequently, if a 2-face is removed from D, h decreases by3
one. Since h s 0, h is a negative integer when a 2-face is removed.3 3
Hence by Proposition 1, the obtained complex G can never be Cohen]
Macaulay. Consequently, the only two-dimensional Cohen]Macaulay com-
plex containing the graph G is the triangulation D of the dunce hat and DD
is not shellable.
In the simplicial dual D* of this triangulation, we have checked by
computer that there are 57260 cycles including 18 toric cycles and 4 axised
cycles as listed in Table 1.
TABLE 1
18 Toric Cycles and 4 Axised Cycles in D*
 .  .  .  .toric a, b, c, d , a, d, k , a, b, f , e, j, k , a, b, f , e, o, u, n ,
 .  .  .b, c, i, h, g, f , c, d, k, j, i , e, f , g, m, l ,
 .  .  .e, o, t, p, ¨ , r, l , e, j, i, h, ¨ , r, l , g, h, p, q, m ,
 .  .  .g, h, ¨ , x, u, n, m , h, i, j, o, t, p , j, k, n, u, o ,
 .  .  .l, m, q, s, r , n, q, p, ¨ , x, u , o, t, w, x, u
 .  .p, q, s, w, t , r, s, w, x, ¨
 .  .  .  .axised a, k, n , e, j, o , h, p, ¨ , m, n, q
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